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SUMMARY.

This article presents a new method for maximum likelihood estimation of logistic regression

models with incomplete covariate data where auxiliary information is available. This auxiliary information
is extraneous to the regression model of interest but predictive of the covariate with missing data. Ibrahim
(1990, Journal of the American Statistical Association 85, 765-769) provides a general method for esti-
mating generalized linear regression models with missing covariates using the EM algorithm that is easily
implemented when there is no auxiliary data. Vach (1997, Statistics in Medicine 16, 57-72) describes how
the method can be extended when the outcome and auxiliary data are conditionally independent given
the covariates in the model. The method allows the incorporation of auxiliary data without making the
conditional independence assumption. We suggest tests of conditional independence and compare the per-
formance of several estimators in an example concerning mental health service utilization in children. Using
an artificial dataset, we compare the performance of several estimators when auxiliary data are available.
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1. Introduction

Much has been written about statistical methods for handling
incomplete data (see Little and Rubin (1987) for a compre-
hensive review). Many of these approaches have focused on
missing outcomes. But covariates in regression models are of-
ten missing, either by design or circumstance. Little (1992)
reviewed a series of approaches to estimation of regression
models with missing covariates, including complete case (CC)
estimation, ad hoc methods, and likelihood-based methods.
Robins, Rotnitzky, and Zhao (1994) suggested a class of semi-
parametric estimators based on inverse probability weighted
estimating equations, similar to a method proposed by Zhao
and Lipsitz (1992). Ibrahim (1990) described a maximum like-
lihood method using the EM algorithm (Dempster, Laird, and
Rubin, 1977) for generalized linear regression models with
missing categorical covariates.

Many studies collect data on a large number of variables,
some of which may be auxiliary (or extraneous) to the regres-
sion model of interest. These variables may be observed even
when the covariates of primary interest are incomplete. This
setting commonly arises by design in two-stage studies (Zhao
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and Lipsitz, 1992), where, at the first stage, the response and
some covariates (including some that are used for screening
only) may be collected. Then, at the second stage, additional
information (such as primary exposure of interest) is collected
from a subset of subjects.

In the measurement error literature, the auxiliary data may
be considered a surrogate for the partially observed explana-
tory variable. Hasabelnaby, Ware, and Fuller (1989) consid-
ered an air pollution example where surrogate measures
(cigarette use) and outcome (respiratory capacity) are ob-
served for all subjects while fine particle measurements from
the home are available for a subset of the subjects. Similarly,
in nutritional epidemiology, it is common to collect error-
prone estimates (such as a food frequency questionnaire) from
all subjects as well as a measure considered to be a gold stan-
dard (such as amount of vitamins determined from a blood
sample) from a subset of subjects (Robins et al., 1994). The
auxiliary variables collected on all subjects may be used to
increase the efficiency of analysis if they are predictive of the
covariates with missing data (Robins et al., 1994).

In this article, we consider maximum likelihood estimation
of logistic regression models with missing categorical covari-
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ates where categorical auxiliary information is available. The
article is motivated by a study of mental health service uti-
lization where primary interest revolves around partially ob-
served teacher reports of child psychopathology but where
auxiliary reports (parental reports of psychopathology on the
same child) are fully observed. Here there is no scientific rea-
son to consider teacher reports as a gold standard, and con-
siderable data suggest that parent and teacher reports are
not conditionally independent. Our approach will be useful in
other research settings where gold standards for assessment
do not exist and/or conditional independence may not hold.

2. A Regression Model for Auxiliary Data

For each subject, the data are (y;,x;,a;), where y; is the di-
chotomous outcome, x; is a vector of dimension p of discrete
predictors, which may be only partially observed for a given
subject, and a; is a categorical auxiliary variable that is ex-
traneous but always observed. Let y1,...,yn be independent
binary observations. The logistic regression model of interest
is given by

logit(E[Y; | x;]) = xi83, (1)

where 3 is a p x 1 vector of regression parameters. Maximum
likelihood is based on the conditional distribution of the out-
come given the predictors, f(Y | X, 3). The contribution to
the likelihood cannot be computed, however, when subjects
have missing covariates.

Ibrahim (1990) suggested a maximum likelihood method
for parameter estimation in generalized linear models with
missing covariates and no auxiliary data, which we denote as
MLNA (maximum likelihood with no auxiliary data).
Ibrahim’s approach estimates the covariate distribution non-
parametrically using maximum likelihood via the EM algo-
rithm. Instead of just modeling the conditional distribution
of Y given the covariates X, the joint distribution of Y and
X is modeled as

FX Q)= f(V | X,8)f(X|7), (2)

where Q = (3, ). If the data on X are completely observed,
then f(X | o) does not contribute to the likelihood for 3.
With missing data in X, estimating f(X) may be worthwhile
in increasing efficiency and removing bias if missingness is
related to the outcome Y.

Auxiliary information may be available for a number of rea-
sons. Researchers often collect many covariates, though they
may include only a subset in their regression models. Admin-
istrative record data (possibly from previous investigations)
that can be matched to subjects in an investigation might be
available. Proxy informants may be available in addition to
the primary respondent. Finally, in cases where covariate ex-
posure assessment is expensive or invasive, only a subset of
subjects might be included in a validation sample, while more
error-prone auxiliary data might be collected on all subjects.
The selection of a validation sample often depends upon Y,
components of X, and A.

With auxiliary data, we can write the complete data like-
lihood as

JOXA[QY) = f(Y [ XA BN (X AlY),  (3)

where Q* = (8%,4") and we use the * to indicate depen-
dence on the distribution of A. If we are willing to assume

that f(Y | X,A4,8%) = f(Y | X,8) (conditional indepen-
dence of Y and A given X), then Ibrahim’s method can be
extended in a straightforward way to fit model (1) by con-
ditioning on A when estimating the distribution of the co-
variates. Vach (1997) suggested this estimator when the aux-
iliary information is used to improve the modeling of the
covariate distribution. We denote this estimator as MLCI
(maximum likelihood with auxiliary data assuming condi-
tional independence). The conditional independence assump-
tion is commonly made when X is a gold standard and A is
measured with error (Rosner, Willett, and Spiegelman, 1989;
Reilly and Pepe, 1995; Bashir and Duffy, 1997).

But the conditional independence assumption underlying
this approach is not always tenable. Diagnostic testing where
true gold standards do not exist provides one example, as seen
in many types of medical and epidemiological research, in-
cluding occupational, environmental, and nutritional studies
(Wachholder, Amstrong, and Hartage, 1993; Hui and Zhou,
1998). When such a measure (which is sometimes referred to
as an alloyed gold standard) has errors that are correlated
with the errors of the auxiliary measure, conditional indepen-
dence will not hold (Spiegelman, Schneeweiss, and McDer-
mott, 1997). Torrance-Rynard and Walter (1997) reviewed
the bias due to such correlation on latent class models used
to assess diagnostic test performance. For our example, where
different informants may provide different types of informa-
tion, the conditional independence assumption is often not
plausible.

In our setting, it is possible to test the conditional inde-
pendence assumption by assessing whether A is a significant
predictor in models for f(Y | X, A, 3%). Mantel et al. (Mantel
et al., 1991; Singh et al., 1993) review the bias that can ensue
in a survey sampling record matching setting if the assumed
conditional independence model is not correct. They propose
several imputation methods that incorporate auxiliary infor-
mation to achieve better performance.

When conditional independence fails to hold, the factoriza-
tion in (3) is not natural since the regression coefficients for
X in E(Y | X, A) are not generally equal to 8 in model (1).
Another approach is suggested by the following factorization,
noted by Vach (1994), of the complete data likelihood in (3):

FV,X,A10) = FATY, X, ) f(Y | X,8)f(X 7). (4)

Now 0 = (a,3,7) is the set of parameters in the complete
data log likelihood,

Z la,y,a:(g | Qi Yi, xi)
[

= Z {lajy.z (e | @iy, xi) + 1y (B | yir xi) + la(y | x3) } -

7

(5)

Pepe (1992) described a similar factorization for missing out-
comes and surrogate variables when the missingness does not
depend on covariates or surrogates. This factorization is nat-
ural when we are interested in the distribution of f(Y | X, 3)
and we do not impose conditional independence assumptions
on f(Y,X, A).
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3. Maximum Likelihood Estimation with Missing
Covariates and Auxiliary Data

With no missing data, we can simply maximize I1f(Y; | X;, 3)
to estimate 3 because this is a recursive system. In this case,
3 is estimated separately from o and ~ using standard logistic
regression routines. But when X; is sometimes missing, the
observed data likelihood does not factor, and all three parts
of the complete data likelihood must be estimated. Through-
out, we assume that the missingness law of the covariates is
unrelated to the unobserved covariates, i.e., the covariates are
missing at random (MAR) in the sense of Little and Rubin
(1987). Vach and Blettner (1995) review the potential bias
of this class of estimators when the MAR assumption is vio-
lated. Given this assumption, we have that the observed data
log likelihood is

lg;y7$(0) = Zlog Z {La|y,m (a | ai7yivxi)
[

Tmiss, i
X Ly|x(ﬂ ‘ yi,Xi)Lz(’Y ‘ Xi)}a

where T, ; represents the components of x; that are miss-
ing and Xz, ; is the sum over the sample space of Tmjss ;-
We denote the estimator of 3 that maximizes this likelihood
by MLA (maximum likelihood with auxiliary data and no
conditional independence assumption).

Following the approach of Ibrahim (1990), the covariates
x = (z1,22,...,2p)" are assumed to be discrete random vari-
ables with joint distribution indexed by the parameters v =
(71,72, ..,7r)". For example, if there are three dichotomous
covariates, then = is of dimension r = 23 — 1 = 7. More gen-
erally, let c1,...,cp represent the number of categories for
each of the covariates, respectively. Then ~ is of dimension
r=c; X...cp — 1. Let f(Y | X, 3) be the density of the out-
come and let f(A | X,Y,a) and f(X | ) be the multinomial
distributions of the covariates, with a and ~ being nuisance
parameters distinct from (3.

If we impose no restrictions on the distribution of X, with
complete data, v will be estimated by the r + 1 observed cell
counts obtained by cross-classifying the X’s in a p-dimensional
contingency table. This approach is equivalent to fitting a sat-
urated log-linear model (Fienberg, 1980) to the cell counts.
More parsimonious representations (such as log-linear models
without all higher order interactions) may be considered to
reduce the number of nuisance parameters being estimated,
although possibly at the expense of introducing bias into the
estimation of regression coefficients. Similarly, a saturated
multinomial model can be used for f(A | X,Y, ), and lo-
gistic regression is used for 8 when X is fully observed.

We use the EM algorithm (Dempster et al., 1977) to com-
pute parameter estimates in the observed data likelihood
where covariates are only partially observed. The EM algo-
rithm is a general purpose iterative algorithm for maximiz-
ing incomplete data likelihoods and consists of two steps.
At the E-step, one calculates the expectation of lg,y,2(0 |
a,y,x) conditioning on the current parameter vector 0" and
the observed data. In this case, the observed data consist of
(Yi> Xobs,i» @), @ = 1,...,n, where X ; represents the subset
of dim < p covariates in x; that are observed on the ith sub-
ject. This is in general different for each ¢ and will equal x; if
the ith subject has no missing covariates.

Denoting Ela,y,2(0 | a,y,z)] by Q(6 | G(t)), we have that

n r+1
Q(0109) =305 wlltu (01 )

i=1 j=1
n r+1

= ZZ“’S) {la\y,w (0‘ \ az‘,yi,xj)

i=1 j=1
yja8 | i x) 1 (v %) |
©)

where x? is the jth possible pattern of the covariates, la,y,2(0 |

a;,y;,x’) is the complete data log-likelihood for @ for the
() _ j

ij = p(x? |
ai,yi,xobs,i,G(t)) can be thought of as weights for the jth
possible pattern of the covariates for the ith observation at

ith observation with x; evaluated at x’ , and w

the tth iteration since wf?

will be zero since X, ; Will rule out any value of x? not com-

= 1. Note that most of these w;;’s

patible with xgps ; (the vectors xJ and Xobs,i are compatible
if the components of xJ corresponding to the observed data
equal Xqps ;). If all the covariates for the ith subject are ob-
served, then there is just one nonzero term in the inner sum,
and the weight for the observed value x/ = X, ; is equal to
one. When Xps ; # X;, the weights can be calculated by use
of Bayes rule,

¢ j t
ng) =p (XJ | ai, yi, xi, 0 ))
0 if x7 is not compatible with x;

p(w b Jp(as bl vi)p(x))

-\ > p(yi\Xf)p(aiIXf,yi>p<X?)

k€obs,i

if x7 is compatible with x;,
(7)

where Xibs,i denotes a p-vector whose observed components
are X,hs,; and the remaining components take on the jth pat-
tern for the missing covariates. The range of k in the denom-
inator is restricted so that x”* is compatible with X ;-

For the M-step, we maximize equation (6) as a function of
0 by finding the solution to the complete-data log likelihood
using these weights. We can use weighted logistic regression
to estimate B and use the expected cell counts to estimate
a and «. For the first iteration, the weights can be calcu-
lated using (7) with initial estimates for @ from a complete
case analysis. By repeating these steps until convergence, we
obtain the maximum likelihood estimates (MLEs).

4. Standard Errors

Standard errors for these parameter estimates can be calcu-
lated using a number of techniques, including Louis’ method,
the sum of squared scores method, or by bootstrapping. We
will consider each of these approaches.

Louis’ method (Louis, 1982) partitions the complete-data
information into two parts: the information associated with
the observed data and the information associated with the
missing data. Louis showed that a consistent estimate of the
second-derivative matrix can be calculated using complete-
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data quantities. Following the development of Lipsitz, Ibra-
him, and Fitzmaurice (1999), we have that the information
matrix of the observed data is given by

n r+1
82 O‘szyw )

ZZ Wiy 0000’
=1 j=1

n r+1 ] ]
Z w;; S5 (a;, yi, x*,0)S;;(ai, yi, x, 0)’
i=1 \j=1
n r+1

Zwijsij(aiyyi»xj79)
—

I
r4+1

Zwijsij(ai7yizxjyo) ,

where S;; (ai,yi,xj, 0) =90l(0 | a;, yi,xj)/ae is the complete
data score vector for the jth covariate pattern for the ith
observation. I(0) can be estimated by

1(6) = —Q(9)
n r+1 ) ]
- Z Zwijsij(aiyyi,xja 0)S;;(ai,yi,x*,0)’
i=1 \j=1

+ Z (Q:i(8)) (Qi(é)),»
i=1

where 6 is the MLE at convergence,

r+1

10 | a;,y;,x
wa |zyz 2) 7
oo
and
+1
irzwt)alﬁlauyz, )‘
—
et 2000 ot

The sum of squared scores method (Meilijson, 1989; Ruud,
1991; Fitzmaurice, Laird, and Lipsitz, 1994) exploits the re-
lationship between the observed and the sample empirical co-
variance matrix of the individual scores. Thus, a consistent

estimator of the asymptotic information matrix for 8 in a
correctly specified model is

n
10) =" (Qi(8)) (@:(9)).
i=1
This approach has the advantage of only involving the first
derivatives of the log likelihood.

Finally, in settings where r (the dimension of «) is large, it
may be impractical to estimate the entire covariance matrix
of the parameters using these methods. In this situation, it
may be computationally convenient to assume that I(€) is
block diagonal in «, 3, and ~ or to utilize a bootstrap (Efron
and Tibshirani, 1993) estimate of the covariance matrix by
resampling from the underlying contingency table.

To illustrate these methods, we consider a study of men-
tal health service utilization in children in urban and rural

Connecticut (Zahner et al., 1992; Zahner et al., 1993; Zahner
and Daskalakis, 1997). One of the outcomes of interest in this
study was mental health service utilization in school-based
settings. Service use was defined as a parental report that the
child had ever seen a provider or been in a special program at
school for a behavioral problem. If the particular service was
used, the outcome was coded one and coded zero otherwise.

Predictors of service use included gender of the child (BOY:
1 = boy, 0 = otherwise), age of the child (OLD: 0 = age
6-8, 1 = age 9-11), ethnicity (BLACK: 0 = nonblack, 1 =
black; HISPANIC: 0 = nonhispanic, 1 = hispanic), belong-
ing to a single-parent household (MOMSING: 0 = father fig-
ure present, 1 = no father figure present), and psychopathol-
ogy of the child. The measure of psychopathology used in
the study was the total problems scale of the Child Behav-
ioral Checklist (CBCL; Achenbach, 1991a) and the Teacher’s
Report Form (TRF; Achenbach, 1991b), which were com-
pleted by parents and teachers, respectively. The raw scores
were dichotomized at the cutpoint for borderline/clinical psy-
chopathology. A score of one indicates borderline/clinical psy-
chopathology, and a score of zero indicates normal range.

In the survey we considered, only a few of the parent reports
were missing, while 43% of teacher ratings on children were
unobserved. Missingness of this magnitude is not uncommon;
a similar rate was reported by Boyle et al. (1993) in their
Ontario Child Health Study. We include in our analysis the
2486 children with complete data on parent reports. Table
1 displays the proportion of positive reports as well as the
number of subjects with observed data for that variable.

In our notation, we let A be the parent report (CBCL),
while X is composed of the teacher report and other covari-
ates (including age, sex, and family demographic characteris-
tics). We fit the logistic regression model f(Y | X) utilizing
the information in the observed A’s (parents) as auxiliary in-
formation. This model is of interest in predictions of school
service use using only school-based information.

Fitzmaurice, Laird, and Zahner (1996) considered the ques-
tion of whether the missingness in this dataset is related to
the unobserved teacher’s rating and found no evidence for
this hypothesis. Thus, the missing-at-random assumption ap-
pears to be reasonable. We fit a main effects linear logistic
regression model for missingness of the teacher report. There
is strong evidence that missingness is related to the outcome
(p = 0.004) and some mild evidence that missingness is re-
lated to the auxiliary variable (CBCL, p = 0.099). Missing-
ness relating to the outcome will yield biased estimates for the
intercept in the complete case (CC) estimator, while missing-

Table 1
Summary of outcome and predictors

Variable Mean Number observed
OUTCOME 0.185 2486
BOY 0.481 2486
OLD 0.473 2486
BLACK 0.198 2486
HISPANIC 0.068 2486
MOMSING 0.207 2486
CBCL 0.186 2486
TRF 0.183 1425




38 Biometrics, March 2001
Table 2
Correlations between variables

OUTCOME BOY OLD BLACK HISPANIC MOMSING CBCL
BOY 0.100
OLD 0.097 —0.028
BLACK —0.034 —0.026 —0.026
HISPANIC —0.005 0.007 —0.046 —0.134
MOMSING 0.030 —0.015 —0.028 0.377 0.171
CBCL 0.240 0.018 0.028 0.100 0.090 0.111
TRF 0.245 0.088 —0.001 0.132 0.006 0.091 0.274

ness related to the auxiliary data will yield biased estimates
for the MLNA estimator since it does not condition on this
variable.

Table 2 displays the Pearson product-moment correlation
matrix for these variables. We note that the correlation be-
tween the parent and teacher reports of psychopathology is
the third largest correlation in the table, though it is relatively
small in magnitude (p = 0.274).

We can test the conditional independence assumption in a
number of ways. One straightforward (albeit inefficient) ap-
proach is to fit a model for f(A | Y,X) using complete case
ordinary logistic regression and testing whether Y is a signif-
icant predictor of the auxiliary variable after controlling for
X. Table 3 displays the parameter estimates for a main ef-
fects model with the auxiliary variable as the outcome. There
is strong evidence (p = 0.0001) that the conditional indepen-
dence assumption is not met in this example. We can also test
for conditional independence by calculating twice the differ-
ence in log likelihoods for the maximum likelihood conditional
independence model and the maximum likelihood joint max-
imization model (x%, = 103.7, p < 0.0001).

For comparison, we display four sets of regression parame-
ters. One is ordinary least squares (OLS) based on complete
cases (CC), which discards all information on the 1061 sub-
jects missing teacher reports. A second uses the maximum
likelihood approach of Ibrahim ignoring the auxiliary infor-
mation (MLNA). The third approach uses the maximum like-
lihood conditional independence approach (MLCI), which as-
sumes f(Y | X, A) = f(Y | X). Finally, we fit a model using
our maximum likelihood approach incorporating the auxil-
iary information (MLA). An S-plus macro (MathSoft, 1996)
was used to fit this model. Table 4 displays the parameter
estimates and standard errors (using 2000 bootstrap samples
from the observed data) for these models.

Being a boy, being older, being nonblack, being in a single-
parent household, and being above the cutscore for total psy-
chopathology problems were all significantly associated with
increased levels of school-based mental health service utiliza-
tion. We note that the parameter estimates remain similar but
that the standard errors of the MLNA, MLCI, and MLA esti-
mators are smaller than those of the CC estimator, with the
exception of the covariate that is partially observed (TRF).
The parameter estimate for the teacher report (TRF) changes
by a standard error between the MLCI and MLA models.
Because we do not believe the assumption of conditional in-
dependence, we suggest that the MLA or MLNA results are
most appropriate to report.

5. Artificial Data Example
We constructed a probability distribution using a dichoto-
mous outcome Y, a single dichotomous auxiliary variable A,
a single dichotomous covariate X (coded 1 and —1) that is
sometimes missing, and a dichotomous missingness indicator
R (=1 if X is missing). Table 5 displays the 2 X 2 x 2 contin-
gency table with a supplemental 2 x 2 table, where we denote
by n;, i = 1,...,12, the observed count of subjects with the
ith pattern of outcome, auxiliary data, and covariate.

We considered the following factorization and parameteri-
zation of this joint distribution:

PY=yA=aX=z,R=r1)
=f(R|Y, A X, T)f(A]Y, X, ) f(Y | X,8)f(X |7),
(®)
where
1z = e e

a
FAY, X, a) = exp (ag + a1y + aox + agzy) 7
1+ exp (Oéo + a1y + agx + agxy)

f(Y | X,B) is given by (1), and f(X | v) = y/(@=Vx
(1— 7)1_1(’”:1). In two-stage studies, 71 and 1o will often
be nonzero by design. When 71 = 179 = 0, the CC estimator
will be consistent. The MLNA method will be consistent for
B1 when 70 = 73 = 0. The MLCI method will be consistent
when 73 = a1 = az = 0, while the MLA method will be
consistent when 73 = 0. To simplify our exposition, we set
71 = 79 = 73 = a3 = 0 in these simulations, fixed the inter-
cept of our auxiliary variable distribution (g = 0), and set

Table 3
Test of conditional independence assumption
Parameter Standard Wald Pr >
Variable estimate error chi-square chi-square

INTERCEPT —2.265 0.150 228.55 0.0001
OUTCOME 1.311 0.169 60.46 0.0001
BOY —0.072 0.147 0.24 0.6239
OLD 0.003 0.147 0.0003 0.9851
BLACK 0.466 0.193 5.85 0.0156
HISPANIC 0.959 0.264 13.22 0.0003
MOMSING 0.335 0.186 3.23 0.0724
TRF 1.177 0.163 52.11 0.0001
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Table 4

Parameter estimates (and bootstrap standard errors) for models of service utilization®

Parameter CcC MLNA MLCI MLA
INTERCEPT  —2.391 (0.146)  —2.291 (0.120)  —2.323 (0.120)  —2.258 (0.114)
BOY 0.442 (0.150) 0.444 (0.114) 0.441 (0.114) 0.449 (0.116)
OLD 0.488 (0.148) 0.543 (0.112) 0.549 (0.115) 0.540 (0.115)
BLACK —0.831 (0.250) —0.603 (0.174) —0.627 (0.179) —0.563 (0.179)
HISPANIC —0.335 (0.357)  —0.215 (0.245)  —0.225 (0.246)  —0.194 (0.246)
MOMSING 0.578 (0.223) 0.316 (0.157) 0.324 (0.162) 0.311 (0.162)
TRF 1.416 (0.164) 1.413 (0.169) 1.523 (0.166) 1.298 (0.165)

2 CC, complete case; MLNA, maximum likelihood with no auxiliary data; MLCI, ML with CI

assumption; MLA, ML with no CI assumption.

~v = 0.5. Then our joint distribution could be written

PY=yA=aX=z,R=T1)
__exp (10)"  exp(a1y+ agx)®  exp(Bo + fix)? 1
1+exp(m9) 1 +exp (a1y + asz) 1 +exp (B + fiz) 2°

For a given set of parameter values, it is straightforward to
calculate the probability of a subject falling into a given cell
in Table 5. These probabilities were used as the observed cell
counts for our example. We maximized the observed-data log
likelihood using Newton’s method. We calculated the mean
squared error (MSE: variance + biasQ) of our estimators under
a variety of parameter values using (B — f3) as an approxima-
tion to the bias and the inverse of the negative of the second
derivative of the observed-data log likelihood evaluated at the
true parameters to calculate the variance.

We began by considering the MSE of our estimators when
the conditional independence assumption was true (a3 = 0)
with a moderate association between A and X (a2 = 2) and
our parameters of interest fixed (Bp = 1 = 1). We varied
7 (which controls the proportion missing) and calculated the
MSE for five estimators: the unobserved truth with no miss-
ing data (NO MISSINGNESS), the complete case estimator
(CC), the maximum likelihood conditional independence es-
timator (MLCI), the maximum likelihood auxiliary data es-
timator (MLA), and the maximum likelihood estimator ig-
noring the auxiliary data (MLNA). All estimators are consis-
tent in this setting; thus, the relative MSE approximates the
asymptotic relative efficiency of these estimators.

Ordinarily, one is not interested in bias and variance for the
intercept. We report these since the results should be similar
to those for a second covariate, orthogonal to X, that has no
missing data.

Figure 1 displays the relative MSE (compared with no miss-
ing data) for these estimators for a range of missing data pro-

Table 5
Contingency table for artificial example
Y=0 Y=1
X X
-1 1 ? -1 1 ?
A 0 ni no ng 0 ns ne nii
1 ns ng n1o 1 ny ng nis

portions. Since the conditional independence assumption is
true, the MLCI estimator has smaller MSE than the MLA
estimator. We also note that there is more recovery of infor-
mation for the intercept (8g) than for the parameter of the
missing covariate (1) for all missing data estimators. The
MLNA estimator is unable to recover any information relative
to the CC for (1 since it ignores the auxiliary information, al-
though it recovers considerable information about Sy relative
to the CC estimator.

We next consider a model where the conditional indepen-
dence model was not true, which will yield bias for the MLCI
method. Because of this bias, the relative MSE for MLCI will
be a function of sample size. We considered two sample sizes
for the total number of subjects in the contingency table:
n = 250 and n = 1000. We fixed the missingness proportion
at 50% (7 = 0) and left the other parameters unchanged, with
the exception of a. Figure 2 displays relative MSE when oy
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ent proportions of missing data.
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Figure 2. MSE (relative to NO MISSINGNESS) when con-

ditional independence is not true.

is varied. We see that, when conditional independence is true,
the MLCI estimator has the smallest relative MSE, but when
the assumption is false, the bias quickly offsets the gains in
efficiency from not estimating the full distribution of the aux-
iliary variable. The bias of MLCI is more pronounced with
larger sample sizes due to the smaller variance with more
data.

We next varied the association between the auxiliary vari-
able and the missing covariate («2) while fixing a; = 0 (i.e.,
conditional independence is true). For this and the remain-
ing simulations, all estimators are consistent, so the relative
MSE approximates the asymptotic relative efficiency. Figure
3 displays relative MSE over different values of the as param-
eter. When ag = 0, there is no information being recovered
about the missing covariate and the relative MSE for 3 is
the same as for the CC estimator. The relative MSE for Sy
for the MLCT and MLA estimators is the same as that for the
MLNA estimator when as = 0. The recovery of information
is always good for By but is not impressive for 31 unless asg
is very large.

Finally, we varied the magnitude of 8; while fixing ag = 2.
Figure 4 displays relative MSE over different values of the
(1 parameter. The efficiency of the maximum likelihood es-
timators depends on the strength of the association between
the missing covariate and the outcome, particularly for the
Bp parameter. All methods except CC recover 100% of the in-
formation about (g if 81 = 0. When the association between
the outcome and the missing covariate is stronger, efficiency
is degraded.

These results show that, in settings where there is a mod-
erate association between the auxiliary variable and the par-
tially observed covariate, the MLCI and MLA estimators have
greater efficiency than methods that ignore the auxiliary vari-
able. When the conditional independence is true, the MLCI
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Figure 3. MSE (relative to NO MISSINGNESS) for differ-
ent associations between the auxiliary variable and the par-
tially observed covariate.

estimator is preferable, but this assumption is not always ten-
able. In those settings, the MLA estimator remains consistent
and efficient.
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ent associations between the outcome and the partially ob-
served covariate.
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6. Discussion

We have considered generalizations of methods for maximum
likelihood analysis of logistic regression models with missing
covariates that take into account auxiliary information that is
not part of the regression model of interest. Our extensions al-
low use of auxiliary information, which may further improve
the efficiency of these methods without making strong as-
sumptions of conditional independence. Our method will be
most useful in situations where there is a moderate associa-
tion between the auxiliary variable and the partially observed
covariate and it is not tenable to assume that the conditional
independence assumption holds (or our proposed tests of con-
ditional independence reject the null hypothesis). The method
is also attractive when it is known that missingness depends
on a factor extraneous to the regression model of interest.

Our model can be thought of as semiparametric since no
assumptions are made about the nuisance distributions f(X)
and f(A | X,Y) in calculating the likelihood. It is straightfor-
ward, in principle, to extend these methods to a generalized
linear model (McCullagh and Nelder, 1989) setting. In the
case where Y is continuous, a model for f(A | Y, X) would
need to be specified or one could consider discretizing Y for
this part of the model. Extensions to other regression models
(i.e., for failure time data or longitudinal responses) should be
feasible. Such extensions in a setting without auxiliary data
have been considered by Lipsitz, Ibrahim, and others (Lipsitz
and Ibrahim, 1996b; Lipsitz and Ibrahim, 1998; Lipsitz et al.,
1999).

We note that, if the law of the missingness involves un-
observed quantities, maximum likelihood estimators that do
not model the missingness law will be biased. In our nota-
tion, this occurs when the missingness depends on the un-
observed X’s. The complete case estimator, while potentially
inefficient, will remain consistent for the parameters of inter-
est if the missingness only depends on the X’s. Also, if the
model for the covariates is not correct (which is only guaran-
teed if a saturated model is fit), then the ML approach may
introduce bias.

Because our joint maximization requires separate maximi-
zation of each part of the likelihood and because distribu-
tions must be estimated for the nuisance terms f(X) and
f(A]Y,X), there are limits to the size of the model that is
feasible to analyze given finite samples. If one models the nui-
sance distributions, it is possible to relax the assumptions that
the covariates and auxiliary data are discrete. Methods for
this case that do not incorporate auxiliary data have been de-
veloped to accommodate continuous covariates (Ibrahim and
Weisberg, 1992; Ibrahim, Chen, and Lipsitz, 1999) or to pro-
vide more parsimonious models for these nuisance parts of
the joint likelihood (Lipsitz and Ibrahim, 1996a). These ap-
proaches may be useful in the auxiliary data setting, at the
risk of potentially introducing additional bias into the overall
model because of misspecification of the distributions of f(X)
and f(A|Y,X).
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RESUME

Cet article présente une nouvelle méthode d’estimation des
parametres de modeles logistiques par maximisation de la
vraisemblance quand des covariables, pour lesquelles une in-
formation auxiliaire est disponible, sont incomplétement ob-
servées. Cette information auxiliaire est prédictive de la vari-
able incompléte sans rien apporter au modele d’intérét.
Ibrahim (Journal of the American Statistical Association,
1990) a proposé une méthode générale qui utilise I’algorithme
EM pour estimer des modeles linéaires généralisés avec co-
variables incomplétes. Sa mise en ceuvre est facile en ’absence
de données auxiliaires. Vach (Statistics in Medicine, 1997) a
montré comment 1’étendre au cas ou la réponse est indépen-
dante des données auxiliaires conditionnellement aux covari-
ables. Notre méthode permet d’incorporer I'information aux-
iliaire sans exiger l'indépendance conditionnelle. Nous pro-
posons des tests d’indépendance conditionnelle et nous com-
parons plusieurs estimateurs sur un exemple concernant 1'uti-
lisation par des enfants d’un service de santé mentale. Nous
utilisons des données artificielles pour comparer les perfor-
mances de plusieurs estimateurs quand 'information auxili-
aire est disponible.
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